Abstract. In a recent paper de Paor put forward a new theory of the Earth's magnetic field that depended on the Hall effect as an energy transfer mechanism. The purpose of this paper is to demonstrate that the mechanism invoked is unimportant except in certain gaseous plasmas.
Introduction
A new theory of the Earth's magnetic field has been put forward recently that depends on the Hall effect (de Paor, 2001) . In this theory the Hall effect is called upon as a mechanism for transferring a flow of electrical energy from one direction to another orthogonal to the first. This is illustrated in Fig. 1 , which shows a sample of conducting material placed in a magnetic field; de Paor (loc. cit.) considers that a flow of energy in the x-direction is transferred, in part, to the z-direction. It is shown in the present paper that, although such a process does take place, the effect is infinitesimally small in solids and liquids. It is extremely unlikely, therefore, that the mechanism is important in the production of the Earth's magnetic field.
The Hall effect
We shall start by presenting a simple theory of the Hall effect (Kittel, 1996; Solymar and Walsh, 1997) . Suppose that we have a uniform electric field E x in the x-direction and a magnetic field B in the y-direction. The electrons drifting in the x-direction will experience a Lorentz force in the zdirection. Let us denote the electron drift velocities in the y and z-directions by u, ν, respectively. The mean force in the x-direction will be (−e)uB and the mean force in the xdirection will be (−e)(E x − νB). In this notation e is the magnitude of the electronic charge. Thus we obtain the folCorrespondence to: J. E. Allen (john.allen@univ.ox.ac.uk) lowing momentum balance equations, for the two directions.
(−e)(E x − νB) = muν c
(1) and
where ν is the collision frequency. From the second equation we have
where ω is the electron gyrofrequency (eB/m). Substitution in the first equation gives where µ is the mobility. The quantity (ωτ ) is known as the Hall parameter and the expression µ/ 1 + (ωτ ) 2 is sometimes referred to as "the cross-mobility". In addition we have
The current in the z-direction is known as the Hall current. The resulting current densities are given by the following two equations, where n is the electron density,
and
We must now consider the effect of impedance in the Hall current circuit. The above calculation applies only when there is no electric field in the z-direction; in general such a field will be developed as shown in Fig. 1 (c.f. de Paor, 2001 ). The current density in the z-direction due to E z is indicated in Fig. 2 ; the associated Hall current in the xdirection is also shown and augments that due to E x . The total current density in the x-direction is now
and that in the z-direction is
If the current in the z-direction is zero, due to a high impedance circuit, E z = (ωτ )E x and j x = neµE x , i.e. the magnetic field has no effect on the current flow. The electric and magnetic forces in the z-direction are balanced. The input power to the system is given, in general, by
where we have considered a unit volume, for convenience. The output power is given by W o = −j z E z because current flows in the negative z-direction, the flow of electrons being upwards.
For a given field in the x-direction, the output power is a maximum when E z = (ωτ )/2 E x . In this case
In a solid or a liquid (ωτ ) 1, so that the maximum power available would be
Under these conditions the input power and dissipation are given by
It is seen that W im and W dm are both equal to neµE 2 x , to a high degree of approximation. It should be noted that the subscripts of W im and W dm refer to the situation when the output power has its maximum value.
It is of interest to examine the case where (ωτ ) 1, which is possible for a gaseous plasma. In this case we have the following results It is readily shown from Eqs. (8) and (9) that the power dissipation j · E is given by
where E is the magnitude of the resultant electric field. The power dissipated in a conductor in the absence of a magnetic field is given by j 2 /σ where σ = neµ. In the present case it can be shown that j 2 /σ is given by the above expression for W d . It is seen that the power dissipation, for a given current density, does not depend on the magnetic field. This is a reflection, in macroscopic terms, of the fact that a static magnetic field cannot change the energy of an electron, but only its direction of motion.
Equivalent circuit
Equation (9) can be rewritten in the form
where j 0 = −j z and is a positive quantity if E x > 0. The open-circuit voltage, considering the output circuit, i.e. that associated with current flow in the z-direction, is given by
and the short-circuit current is given by
An equivalent circuit can therefore be employed, as illustrated in Fig. 3 , in which the internal impedance is given by the ratio of the above two quantities, so that
The maximum power that can be extracted, given by Eq. (12), is obtained when the external impedance is equal to this quantity. Under these conditions the input power is readily shown to be
and the dissipation is given by
Comparison with the work of de Paor
The Hall field, in the x-direction, resulting from currents in the z-direction is not clearly defined by de Paor. However, the reaction back in the x-direction, due to an electric field in the z-direction, can be described by the following quantity obtained from Eq. (8)
This quantity is itself not an electric field but a measure, in electric field units, V /m, of the reaction back in the xdirection. It is, in fact, in the positive x-direction. We assume that the product of E * and j x is the quantity corresponding to e x j x in de Paor's paper and we shall denote it by P , then
For maximum power extraction E z = (ωτ )/2 E x so that
If ωτ 1, P /W im = (ωτ ) 2 /2. If ωτ 1, which is possible for a plasma, P /W im = 1/2 It is of interest to compare the quantity P with the power extracted
using Eqs. (8) and (9) for j x and j y . It is seen that P = W o , so that de Paor's assertion (on page 266) is incorrect. At maximum power extraction E z = (ωτ )/2E x , so that
When (ωτ ) 1, P m /W om = 2, whereas when (ωτ ) 1, P m /W om = 1. Thus P m and W om are of the same order of magnitude, but the output power is infinitesimal if (ωτ ) 1.
We have previously demonstrated that when (ωτ ) 1, which is possible in a gaseous plasma,
but when (ωτ ) 1, which is the situation in a solid or a liquid, the maximum output power is given by the much smaller quantity
Discussion
An estimate of the Hall parameter in the Earth's core is required for the purposes of the present note. The magnitude of the magnetic field has been calculated to be 10 −2 tesla or 100 gauss (Hide, 1955; Hide and Roberts, 1979) . The resistivity of liquid steel is ρ = 1.6 × 10 −6 ohm m, at 1550 • C (Marr, 1982) ; the electron density of iron at room temperature is n = 8.5 × 10 28 m −3 (Kittel, loc.cit.) . Using these figures for an estimate, the Hall parameter is found to be (ωτ ) = 4.7 × 10 −7 . Data for the Earth's liquid core will be somewhat different from those quoted above. Using this value of (ωτ ) in the above analysis, however, the maximum fraction of the input power transferred to the Hall circuit is found to be 5.5×10 −14 . It is clear that a more accurate figure is not necessary, the effect has been shown to quite negligible.
A simple theory of the Hall effect has been employed in the present paper, but is thought to suffice for the present purpose. The conclusion is that the mechanism of energy transfer proposed by de Paor is unlikely to be of importance in the generation of the Earth's magnetic field; the effect being infinitesimally small. The Sun consists of plasma and the Hall effect may well play a role in sunspots, that question is not pursued here. Electrons have been taken to be the charge carriers, rather than positive holes as in de Paor's paper. If positive charge carriers were present instead, the Hall current would flow in the opposite direction, but the argument presented in this paper would be unchanged. If charge carriers of both signs were present the Hall effect would be reduced in magnitude.
In solids and liquids, at ordinary temperatures and pressures, the Hall effect takes on a different nature. Negligible currents flow in the Hall direction, but the resulting electric field in the Hall direction is of great importance. Its role is to transmit the j × B force to the bulk of the material (Shercliff 1965) , and its effect on the current flow is insignificant. A different situation is that of neutron stars, where the strongest magnetic fields in the universe are found. Some radio and X-ray pulsars have fields of the order of 10 8 tesla (10 12 gauss), these are "young pulsars" which have an age of about 10 7 years. The Hall parameter can reach values of 10 2 − 10 3 in such neutron stars. Studies of the Hall effect in this astrophysical case are being carried out at present. A recent paper is by Urpin and Shalybkov (1999) , where further references may be found.
